
1 Class: 

Term 1 Task 2 2014 

MATHEMATICS 
EXTENSION2 

General Instructions: Total Marks 85 

Reading Time: 5 minutes. Section I: 5 marks 

Working Time: 2 hours. Attempt Question 1-5. 
Write in black pen. Answer on the Multiple Choice 

answer sheet provided. 

Board approved calculators & templates may be used Allow about 8 minutes for this 
section. 

A Standard Integral Sheet is provided. 

In Question 6 - 9, show all relevant mathematical 
reasoning and/or calculations. 

Marks may not be awarded for careless or badly 
arranged working. 

Section II: 80 Marks 

Attempt Question 6 - 9 

Answer on paper provided unless 
otherwise instructed. Start a new page 
for each new question. 

Allow about 1 hours & 42 minutes for 
this section. 

The answers to all questions are to be returned in separate stapled bundles clearly 
labelled Question 6, Question 7, etc. Each question must show your Candidate 
Number. 



For the following questions colour the most correct answer on your multiple choice 
answer sheet 

1 Which of the following are the foci for the ellipse 
xz yz 
g-+ 16 = 1 

(A) 

(C) (0, ±fi) 

(B) 

(D) 

(±fi,o) 

(± 3-ti ,0) 
4 

2 Using implicit differentiation on y3 = x 2 + xythen dy = 
dx 

(A) 

(C) 

3y' -2x 

X 

2x 

3y' +y 

(B) 

(D) 

2x+y 

3y' -X 

2x-y 

3y' +y 

K 

3 

3 Using a suitable substitution what is the correct expression for J sin 3 x cos 4 xdx 
0 

? 

(A) J (u 4 -u 6)du 
0 

I 
(C) f(u 6 -u 4)du 

I 
2 

I 
2 

(B) J (u 6 
- u')du 

I , 

J"j 

2 

(D) J(u6 -u')du 
0 



4 x' y' 
The points P( a cos B, b sin B) and Q (a cos¢, b sin¢) lie on the ellipse - +- == 1 and 

a' b' 
the chord PQ subtends a right angle at (0,0). Which of the following is the correct 
expression? 

b2 
(A) tan(} tan¢== --

2 a 

b2 
(C) tan(} tan¢ == -

2 a 

5 The graph of y == f(x) is shown below 

lh • ! 

1/,.,.-

1 

a' 
(B) tanBtan¢ ==­

b' 

a' 
(D) tanBtan¢ == --

2 b 
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Which of the following best represents y' = f(x) 
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QUESTION 6 (20 Marks) 

(a) Find J dx 
.J6x-x2 

(b) f 
1-x 

Find cdx 
1--vx 

I 5-5x2 1 27 
(c) (i) Show that f 

2 
dx =- (ff +In-) 

o(l+2x)(l+x) 2 16 

(. ") H fi d f2 cos X d . h b . . X 11 ence m x usmg t e su strtutwn t =tan-
0 (1+2sinx+cosx) 2 

3 
(d) Find f x 2 In x dx 

I 

I 

(e) (i) On the same set of axes sketch and label y = x 3 and y =e-x 

(ii) Hence, on a different set of axes, without using calculus, sketch and label 

MARKS 

2 

2 

4 

3 

4 

2 

I 2 
clearly the graph of the function y = x 3 e-x 

(iii) Use your sketch to determine the values ofm for which the equation 
I 

x 3 e-x = mx - 1 has exactly one solution 
1 



QUESTION 7 (20 Marks) Start a new page 
2 2 

(a) LetPbethepoint(x 1,y 1) ontheellipseE:~+L=l with x,>O. 
4 3 

(i) Find the eccentricity of the ellipse. 

(ii) Prove that the equation of the tangent at Pis xx, + yy, = 1 
4 3 

(iii) Find the coordinates of the point T where the tangent meets the nearest 
directrix 

(iv) Prove that the segment of the tangent to the ellipse E between the point of 
contact and the directrix subtends a right angle to the corresponding focus. 

(v) Write down the equation of the chord of contact PQ from R(x 0 , y 0 ) toE 

(vi) Show that ifPQ passes through the focus then R lies on the directrix 

(b) Show that if y = px+q is a tangent to the hyperbola 
x2 y2 
---=1 then p 2a 2 -b2 =q 2 

a2 b2 

(c) Consider the complex number z = x+iy where z 2 = a+ib 

(i) Sketch on the same set of axes the graphs ofx 2 -y 2 =a and 2xy=b where 
both a and b are positive 
The foci and directrices of the curves need not be found 

(ii) Use the graphs to explain why there are two distinct square roots of the 
complex number a+ib if a>O,b>O ' 

(iii) Consider how the sketch changes when b is negative . What is the 
relationship between the new square roots and those found when b is 
positive? 

.• 

MARKS 

1 

4 

2 

3 

1 

2 

3 

2 

1 

1 



QUESTION 8 (20 Marks) Start a new page 
(a) The diagram below shows the graph of y = f(x) 

y 

• ! 

4 ! 
: 
! 
: 

I 
2 I 

: 

! 
2 1 

X -

-2 
I 
! 
i 
: 

-4 
! 
1 
i 
v 

Draw separate sketches of the following (indicate important features) 

(i) 

(ii) 

(iii) 

I 
y=---

0.5- f(x) 

y=f(/x/) 

X 

(iv) y= Jf(u)du for -2:0::x:O::l 
-2 

(b) (i) Show that (1- .Jxr-'.Jx = (1-..Jx.)"-' _(I_ .Jxy 

(ii) 
I I n 

If I 0 = f (1- -vx)" dx for n~ 0 show that In = -!
0

_ 1 for n~l 
o n+2 

(iii) Hence find I3 

MARKS 

3 

2 

2 

2 

2 

3 

2 



QUESTION 8 (cont) 

2 
(c) Find Jsin 5 BdB 

1{ 

2 

(d) Prove that for all complex numbers z and w 

(i) Jz + wJ 2 
+ /z- w /

2 
= 2(jzj 2 

+ Jwj 2
) 

(ii) Give a geometrical interpretation of this equation in the complex plane 

QUESTION 9 (20 Marks) Start a new page 

·. 
\ ·. ·. 

' '· \ 
I 

y 

' 0 

2 2 

(a) The sketch shows the hyperbola .;-- y 2 = 1 and the circle x2 + y 2 = a2 

a b 

i) 

ii) 

with a,b :2: 0. T lies on the circle where .LTOX = () and 0:0:: () :0:: 7r. The 
2 

tangent at T meets OX at M and MP is perpendicular to OX with P on the 
hyperbola. 

Find the equation ofthe tangent TM and hence the coordinates ofM. 

Hence show that the coordinates of P are (a sec e, b tan B) 

. ' 

1 

2 

1 

MARKS 

3 

1 



.. 'QUESTION 9 (cant) 

iii) 

iv) 

v) 

Assume e-.= "' , if Q( a sec j3, b tan jJ) is another point on 
4 

the hyperbola, where e + f3 = ff show that the equation of 
2 

PQis ay=b(cosB+sinB)x-ab. 

Every such chord PQ passes through a fixed point. Find the 
coordinates of this fixed point.. 

ff 
Show that as f) approaches -the chord PQ approaches a 

2 
line parallel to an asymptote of the hyperbola 

ll ll 

(b) (i) Consider f(x)= 
1 

where 
0 

$ x $ 2 and f ( 2 )=0 
1+tanx 

Show that f(x) + f(" -x) =1 
2 

ff 

2 1 
Hence or otherwise evaluate J dx 

o1+tanx 

(c) Using the fact that tan -I x + tan -I y = tan -I ( x + y) for 0 ::; x ::; 1 and 
1-xy 

0 ::; y::; 1. Prove by mathematical induction that for all positive integers n 

-1( 1 J -1( 1 J -1( 1 J ff -1( 1 J tan 
2 

+tan 
2 

+ ..... +tan 
2 

=--tan 
2 X 1 2 X 2 2 X n 4 2n + 1 

END OF EXAM 

3 

1 

2 

2 

3 

5 
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